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It has been shown that v l ( T , p ,  xi) = ry(T,p - nl)  and that vz(T,p,  x2) = @ ( T , p  - nZ), 
where n1 is the osmotic pressure of the solvent in a binary solution and n2 is the osmotic pressure 
of the solution solute. An increase in pressure applied to the solution, the pure solvent and pure 
solute from p t o p  + Ap compresses the solution solvent and pure solvent by equal fractions 

and compresses the solution solute and pure solute by equal fractions 

A vz(T,P> xz) 
VAT, P, Xz) 

- A E n . P  - R2) 
T.;)T.P - 82)  ' 

- - -  - 

Thus, the compressibilities of the solution solvent and pure solvent are related as 

K i ( T , P , X i )  = K ? ( T , P  - XI) ;  

and likewise, the solution solute and pure solute compressibilities are related as 

K z ( T ,  P. Xz) = K:(T2 P - nd 
Since 

A vl A u, - A V  
v - n l - - n n , - ,  V V 

it is shown that the compressibility of the solution and the compressibilities of the pure con- 
stituents are related as 

K 1 2  v =  n 1 v y K y  f nz v $ K !  

where K , ~  and Vare measured at p, K ?  and Vy are measured at p - nl, K !  and v! are measured 
at p - nz and all are measured at the same T. 
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172 H. T. HAMMEL 

INTRODUCTION 

The purpose of this article is to derive an exact relationship between the 
compressibility of a binary solution, I C ~  2 ,  and the compressibilities of its 
pure constituents, K :  and @. The derivation will be based on the recognition 
that all species in a solution enhance the tension in the coupling forces, and 
thereby increase the partial molar volume of each species in the solution.192 

Compressibilities of solution. solvent, and solute 

A binary solution contains n1 moles of solvent and n2 moles of solute. The 
volume of the solution at Tand applied pressure p is 

V(7; p ,  n1, 4) = nlv*(T P, n1, nz) + %vZ(T P ,  nl ,  n2>, (1) 

where Vl(T p ,  n,, n z )  is the partial molar volume of the solvent (i.e. 
dV/dnl I 7; p ,  nz )  and Vz(7; p ,  nl ,  n z )  is partial molar volume of the solute 
(i.e. dV/dnz I 7; p ,  nl). If T is held constant as the applied pressure increases 
from p to p + Ap, the solution volume decreases to 

V(TP + AP?nl,n2) = nlVl(7;P + AP,n,,nz) + nzVz(TP+ Ap,n1,n,). (2) 

The decrease in solution volume - AVdue to the increase in pressure Ap is 

- A V ( T  P, n1, nz) = V T  P + 4, n1, n2) - V(7; P, n1, nz). (3) 

The partial molar volumes of the solvent and solute also decrease by the 
amounts 

-AVi(T P, 111, nz) = vi(T P + n i ,  nz) - Vi(7; ~7 ni,  nz) (4) 
and 

-AV2(7; p ,  n i ,  nz) = vz(T P + AP, n i ,  nz) - K(7; P, nz). ( 5 )  

By subtracting Eq. (1) from Eq. (2) and using Eqs. (3), (4), and (5 ) ,  it follows 
that 

- A U T  P, 121, nz) = -n,AV1(7; PY a,, n2) - nzAV2(7; P 3  n,, Bz). (6)  
Dividing Eq. (6) by r/: 

A Vl A Vz - - 
- n l  I/ - n2 -. V 

AV 
V 

-_  

The compressibility of the solution is defined as 

(7) 
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COMPRESSIBILITY OF BINARY SOLUTION 173 

and is a function of 7; p ,  n ,  and n 2 .  Likewise, the compressibility of the solution 
solvent can be defined as 

and the compressibility of the solution solute can be defined as 

(10) 
A V2 
v 2  

Combining Eqs. (8), (9) and (10) with Eq. (7), 

K ~ ( T  p ,  ~11,  n2)  = - T A P - ' .  

The solution was constituted by combining n: moles of pure solvent, 
having a volume V y ( T , p )  = nyVy(T, p ) ,  with ni  moles of pure solute, 
having a volume V;(T,  p )  = n; V;(T,  p) .  V :  and V :  are the molar volumes 
of the pure solvent and pure solute, respectively, and both are functions of 
Tand p.  Increasing the pressure applied to the pure solvent from p to p + Ap 
at constant T decreases it molar volume an amount 

-AVy(T, p )  = V:(T, p + Ap) - Vy(T, p )  

and its compressibility is 

Likewise, increasing the pressure applied to the pure solute from p to p + A p  
decreases its molar volume an amount 

-AV:(K p) = V:(T p + Ap) - V;(T p) 

and the compressibility of pure solute is 

Relationship between compressibilities of solution solvent K, and 
pure solvent KB 
The chemical potential of either species i in a binary solution can be altered 
by changing T p or the molar amount of species i according to 

d P  dp + 2 dxi, axi dpi(T, p ,  n , ,  n 2 )  = -Si d T  + 
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174 H.  T. HAMMEL 

where Si is the partial molar entropy of species i and xi = ni/(nl + n,), the 
mole fraction of species i. Increasing the pressure applied to the solution from 
an initial pi to pi + Ap at constant T and x1 increases the chemical potential 
of the solvent in the solution an amount 

P, + AP 

PI(T  pi + AP, X I )  - P ~ ( T  Pi, X I )  = I, Vl dP. (14) 

For pure solvent, xy = 1. Decreasing the pressure applied to it from pi to 
pi - Ap at constant T decreases its chemical potential an amount 

P?(T pi - AP) - Y?(T Pi) = lp:-Ap V ?  dp. (15) 
- 
V, and Vy are both functions of T and p but they are not equal at the same 
T and p. However, there is an exact relationship between them. 

If Ap in Eqs. (14) and (15) is equal to the osmotic pressure of the solvent 
in the solution, nl, then the sum of the left sides of Eqs. (14) and (15) equals 
zero since 

P ~ ( T  Pi + 711, = P?(T Pi> (16) 

P ~ ( T  pi, X I >  = P?(T pi - ~ 1 ) .  (1 7) 

That is, if the pressure applied to the solution and pure solvent differ by nl, 
then the chemical potentials of the solution solvent and pure solvent must 
be equal at constant T Thus, it follows that 

and 

- 
V, and V? are state functions of T and p and vary continuously with p ;  so 
pi in Eq. (18) can have any value and it can be increased to pi + n l ;  so again 

The sum of Eqs. (18) and (19) becomes 

Thus, Vl and Vy vary with p and they must vary so as to satisfy Eqs. (18), (19) 
and (20). Let us assume that V1(T p + nl, x l )  = V:(T, p )  and show that 
Eqs. (18), (19) and (20) are satisfied only if, for every p ,  Vl(T, p + nl ,  xl )  does 
equal Vy(T p). 
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COMPRESSIBILITY OF BINARY SOLUTION 175 

The variation of the molar volume of the pure solvent from pi - n1 to 
pi + z1 at constant T is illustrated as the curve labelled vy(T, p) in Figure 1. 
If our assumption is valid, then the curve labelled Vl(7', p ,  x,) represents 
the variation of the partial molar volume of the solution solvent from p i  to 
pi  + 2n1. By comparing the curve for Vy(T, p) from pi - 7c1 to pi + n1 with 
the curve for V,(T, p. xl) from pi to pi + 2n1, several facts are clear: 

1) v?(T, Pi - 
2) v?(T pi) = vI(X pi + ~ 1 ,  

3 )  V?(T pi + ~ 1 )  = 7/,G pi + 2x1, XI); 

= vl(T Pi, XI); 

i.e. the area under Vy(T,p) from pi - 7cl to pi equals the area under 
V,(T, p, xl) from p i  to pi + n, and Eq. (18) is satisfied; 
- 

5) Eqs. (19) and (20) are also satisfied. 

Next, assume that the curve for the partial molar volume of the solvent is, 
as before, Vl(T, p ,  x l )  in Figure 1, and assume that the molar volume of 
the pure solvent varies as the broken curve labelled V?(T, p )  from pi - n1 to 
p i  + 71,. These curves assume that the pure solvent is more compressible than 

I 
I 
I 

I 
I 
I 

P-TI P P + q  P+ 2 -rr, 
FIGURE 1 Molar volumes (ordinate) versus applied pressures (abscissa) of pure solvent 
and solution solvent. Solid curves demonstrate that the compressibility of pure solvent from 
p - n1 to p + n1 equals compressibility of solution solvent from p to p + 28, at the same T. 
Broken curve incorrectly assumes that compressibility of pure solvent differs from compressi- 
bility of solution solvent. 
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176 H. T. HAMMEL 

the solution solvent. The broken curve Vy(T, p )  was drawn to satisfy Eq. (18) 
but it can not also satisfy Eqs. (19) and (20), i.e. 

Li Vydp f /p'+2ff'q dp 
- P i + Z l  

P d Z l  

and 

P , + f f l _  P , + ~ z I -  

p , - n l  
J G dP f s,, VI dP. 

Since the compressibility of the pure solvent and Vy(T, p )  from pi- n, to 
to pi + n1 must satisfy Eqs. (18), (19) and (20), we can conclude that our 
first assumption was valid, i.e. V?(T, p )  = Vl(T, p + nl, x,), and the com- 
pressibility of pure solvent at every p must be identical with the compres- 
sibility of the solution solvent at every p + 71, at constant T and xl. It 
also follows that 

(21) 
- 
Vl(T P, X I )  = V ( T  P - n, )  

and that 

Avi(T, P, xi)  Av?(T P - 

ifthe pressure applied to the pure solvent changes from p - n, top  + Ap - n1 
while the pressure applied to the solution changes from p to p + Ap. Thus, 

That is, the compressibility of the solution solvent at Tand p must equal the 
compressibility of the pure solvent at T and p - nl 

K 1 ( T  P ,  X I )  = K X T ,  P - n,). (22) 

Relationship between compressibilities of solution solute K~ and 
pure solute K! 

The same argument as above can be exploited to derive the relationship 
between the compressibilities of the solution solute and pure solute. In- 
creasing the pressure applied to the solution from an initial pressure pi to 
pi + Ap increases the chemical potential of the solution solute an amount 

Pi + AP 

~ z ( 7 :  Pi + AP, x2> - ~ 2 ( 1 ;  Pi, x2) = ( 2 3 )  
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COMPRESSIBILITY OF BINARY SOLUTION 177 

at constant Tand x 2 .  For pure solute x: = 1. Decreasing the pressure applied 
to it from pi to pi - Ap at constant T decreases its chemical potential an 
amount 

P ~ - A P  

P:(T Pi - A ~ I  - P;(T pi) = J E dp. (24) 
PI 

V2 and V !  are both functions of T and p and there is an exact relationship 
bet ween them. 

If Ap in Eqs. (23) and (24) is equal to the osmotic pressure of the solute in 
the solution, n2 ,  then the sum of left sides of Eqs. (23) and (24) equals zero 
since 

P ~ ( T  pi + 7123 ~ 2 )  = pi(T pi) (25) 
and 

Thus, it follows that 

It also follows that 
p , + k -  p , + n 2 _  s,. V2 dp = J V :  dp, (28) 

p i - 7 ~  

since V2 and V :  are state functions of T and p .  Only if 

(29) 
- 
VAT p ,  x 2 )  = Vi(T p - n2) 

- A V * ( T ~ , X ~ )  = -AV:(IT;p - ~ 2 ) ,  

are both Eqs. (27) and (28) satisfied. It also follows that 

(30) 

if the pressure applied to the solution increases from p to p + Ap while the 
pressure applied to the pure solute increases from p - n2 to p + Ap - n2.  
Thus, 

That is, the compressibility of the solution solute at T and p must equal the 
compressibility of the pure solute at T and p - 7 c 2 .  
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178 H. T. HAMMEL 

Relationship between the compressibility of the solution K , ~  and 
the compressibilities of the pure solvent K! and pure solute K! 

The relationship between the compressibility of a binary solution 
~ , , ( 7 ;  p ,  n l ,  n 2 )  and the compressibilities of its solution solvent and solution 
solute was derived as Eq. (11). Eqs. (21), (22), (29) and (32) can be used to 
substitute for V,, K , ,  v2 and I C ~  in Eq. (11). Thus, Eq. ( 1 1 )  becomes 

K , 2 ( 7 ;  P? n,, n 2 ) W  P, n1, n2) = n,VXT p - nl)K%7; P - 711) 
+ n 2 V m J  - n 2 ) 4 ( 7 ; p  - 712). (33) 

The product of the volume and compressibility of the solution at T, p ,  n ,  and 
n2 must equal the product of the number of moles of solution solvent at 
7; p ,  n ,  and n 2 ,  the molar volume and the compressibility of pure solvent at 
T and p - n1 plus the product of the number of moles of solution solute, the 
molat volume and the compressibility of the pure solute at Tand p - n2. 

CONCLUSION 

Equation (33) is an exact relationship between the compressibility and 
volume of a binary solution and the compressibilities and molar volumes of 
its pure constituents. lc12 and V,, can be measured at T and p ;  Vy  and K: 

can be measured at T and p - n2 ; V! and ic; can be measured at T and p - n2. 
If n ,  and n2 are known at T and p ,  then these data must satisfy Eq. (33). If 
Eq. (33) is not satisfied, then n ,  and n2 were not known at Tand p .  

Eq. (33) can also be written 

K 1 2 ( 7 ;  P + n,, a,, n2)V12(7; P + 7 1 1 9  111, n2)  

= n,V?(r,  P ) K ? ( T  P )  + n 2 W T  p + n,  - n 2 ) 4 7 ;  p + 711 - x2)  

(34) 
or it can be written 

K 1 2 ( T P  f n29n, ,n2)1 / ,2(7;p  1- 712,n1,n2) 

= n , V ? ( T p  - n, + 712)Ic?(T, p - 7 1 ,  + 712) + 112 V W ,  p)K;(T, p) .  (35) 

Again, the volumes and compressibilities of the solution and of the pure 
constituents can be measured at the pressures indicated in Eqs. (34) and (35). 
It should be noted that n ,  and n2 refer to the molar amounts of 1 and 2 at T 
and p + n ,  in Eq. (34) and to the molar amounts at Tand p + z2 in Eq. (35). 
In many solutions, n ,  will differ from ny and n2 will differ from ni  at the same 
T and p .  Furthermore, n ,  and n2 may vary with T and p .  Nevertheless, 
Eqs. (33), (34) and (35) are exact relationships and they provide an oppor- 
tunity to investigate n ,  and n2 in various solutions at various temperatures 
and pressures. 
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COMPRESSIBILITY OF BINARY SOLUTION 179 

According to Eq. (33) an increase in the pressure applied to the solution 
from p to p + Ap, an increase from p - z1 to p + Ap - 7~~ applied to the 
pure solvent and an increase from p - x 2  to p + Ap - n2 applied to the pure 
solute decreases their volumes at constant T 

AV(T, p ,  n,, n2) = R ~ A V ~ ( T  p - 7 ~ 1 )  + n2AV:(T, p - 7~2) .  (36) 
Similarity, increasing the pressures in Eqs. (34) and (35) by Ap decrease the 
volumes of solution, pure solvent and pure solute the amounts 

AV(T, p + X I ,  nl ,  n2)  = n,AVY(T, p )  + nzAV;(T, p + 111 - nz) 37) 
and 

AV(T,p  + n2, nl ,  n 2 )  = n l A V 7 ( T p  + n2 - 71,) + n 2 8 i ( T p ) .  (38) 
Thus, the variation for n ,  and n2 as a function of T and pressure can be 
experimentally determined for a solution constituted by mixing ny moles of 
pure solvent and F I ~  moles of pure solute. 
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